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a b s t r a c t
A broadcast on a graph G is a function f : V → {0, . . . , diamG} such that for each v ∈ V ,
f (v) ≤ e(v) (the eccentricity of v). The broadcast number of G is the minimum value of∑
v∈V f (v) among all broadcasts f for which each vertex of G is within distance f (v) from
some vertex v having f (v) ≥ 1. This number is bounded above by the radius of G as well as
by its domination number. Graphs for which the broadcast number is equal to the radius
are called radial; the problem of characterizing radial treeswas first discussed in [J. Dunbar,
D. Erwin, T. Haynes, S.M. Hedetniemi, S.T. Hedetniemi, Broadcasts in graphs, Discrete Appl.
Math. (154) (2006) 59–75].
We provide a characterization of radial trees as well as a geometrical interpretation of
our characterization.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Suppose a radio stationwishes to broadcast at several locations so that an entire region hears their broadcast. This can be
modelled by a graph Gwhose vertices are the sections of the region and where an edge between two vertices indicates that
these regions are close to each other. If a tower can only broadcast to its immediate neighbours (at distance 1 from it, hence
with cost unit 1 per tower) and the goal is to broadcast to the entire region with the fewest towers, then this problem is
equivalent to determining the domination number γ (G) ofG. However, if the radio station is allowed to buildmore powerful
towers that broadcast at larger distances, but at a proportionally increased cost, then it may be possible to broadcast to the
regionwith lower total cost than the domination number. The goal, therefore, is to find a broadcast with the lowest total cost
that reaches the entire region. Informally, the value of this lowest total cost is the broadcast number γb(G) and is bounded
above by the radius rad G as well as by γ (G).
These upper bounds immediately suggest the following questions: For which graphs G is γb(G) = rad G, and for which
graphs is γb(G) = γ (G)? Graphs for which γb(G) = rad G are called radial graphs; a radial tree is a radial graph that is a
tree. The problem of characterizing radial treeswas first addressed by Dunbar, Erwin, Haynes, Hedetniemi and Hedetniemi
in [4] and also studied in [5]; providing such a characterization is the main purpose of this paper.
Let P be a diametrical (i.e. longest) path of the tree T . A setM of edges of P is a split-P set if the endvertices of each edge
inM have degree two in T and, for each component T ′ of T −M , the path P ∩ T ′ is a diametrical path of T ′ of even positive
length. (The requirement that P ∩ T ′ be of positive length implies that adjacent edges do not belong to the same split-P
set.) A split-set of T is a split-P set for some diametrical path P of T , and amaximum split-set of T is a split-set of maximum
cardinality. For example, the sets M = {uv} and M ′ = {xy} are maximum split-P sets of the tree in Fig. 1, where P is the
path of black vertices. We prove:
Theorem 1. A tree T is radial if and only if it has no nonempty split-set.
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Fig. 1. A tree with split-setsM = {uv} andM ′ = {xy}.
We also give a geometrical interpretation of this characterization that involves covering the vertices of (some
representation of) the tree by isosceles right triangles whose hypotenuses have even integer lengths.
The significance of studying broadcasts in trees lies in the fact that the broadcast number of an arbitrary (connected)
graph is equal to the minimum broadcast number amongst its spanning trees [10]. Thus it may be possible to characterize,
or find classes of, radial graphs by first solving this problem for trees, which have a simpler structure. We illustrate one such
application of Theorem 1 in Section 3.4.
In Section 2, after defining themain concepts and stating some known results, we prove an upper bound for the broadcast
number of graphs. In Section 3.1 we state Theorem 8, which is of paramount importance for the characterization of radial
trees. Its proof is technical and is deferred to Section 4. The proof of Theorem 1 and its above-mentioned geometrical
interpretation are given in Sections 3.2 and 3.3, respectively. As another corollary to Theorem 8 we describe a method to
determine the broadcast number of a tree in Section 3.5, and close with some directions for future research in Section 5.
2. Definitions and background
For any undefined concepts see [1,8]. The eccentricity of a vertex v of a graph G is e(v) = max{d(u, v) : u ∈ V (G)}. The
radius and diameter of G are defined as rad G = min{e(v) : v ∈ V (G)} and diamG = max{e(v) : v ∈ V (G)}, respectively. A
central vertex (peripheral vertex, respectively) is a vertex v such that e(v) = rad G (e(v) = diamG, respectively). We denote
the length of a path P by `(P). A diametrical path is a u− v path P with `(P) = d(u, v) = diamG. A tree is either central or
bicentral, depending on whether it has one or two central vertices. A support vertex of a tree is a vertex adjacent to a leaf.
A broadcast on a connected graph G is a function f : V (G)→ {0, 1, . . . , diamG} such that f (v) ≤ e(v) for each v ∈ V (G).
A broadcast vertex is a vertex v for which f (v) ≥ 1. The set of all broadcast vertices is denoted V+f (G), or V+f when the graph
under consideration is clear. A broadcast vertex v broadcasts to (or f -dominates) every vertex u such that d(u, v) ≤ f (v). For
v ∈ V+f , we define the open f -neighbourhood of v asNf (v) = {u ∈ V (G)−{v} : v broadcasts to u}. The closed f -neighbourhood
of v is Nf [v] = Nf (v) ∪ {v}.
A broadcast f is a dominating broadcast if every vertex in V (G)−V+f (G) is f -dominated by some vertex in V+f (G). The cost
of a broadcast f is defined as σ(f ) = ∑v∈V+f f (v), and the broadcast number of G is γb(G) = min{σ(f ) : f is a dominating
broadcast of G}. A dominating broadcast f for which σ(f ) = γb(G) is called a γb-broadcast.
Erwin was the first to consider the broadcast domination problem in his 2001 thesis [6] (also see [7]). He noted that
γb(G) ≤ min{rad G, γ (G)}.
A natural question follows from this bound: which graphs G satisfy γb(G) = rad G or γb(G) = γ (G)? A graph for which
γb(G) = rad G is called radial; the problem of characterizing radial trees is addressed in [4,5].
The problem of finding γb(G) for any given graph was initially thought to be NP-hard (as are many other varieties
of domination), but in 2006, Heggernes and Lokshtanov [9] showed that minimum broadcast domination is solvable in
polynomial time for any graph, and their algorithm runs inO(n6) time for a graphwith n vertices. In 2007Dabney [2] showed
that, for a tree T , γb(T ) can be determined by an algorithm that runs in O(n) time (also see [3]). However this algorithm does
not provide a characterization of radial trees.
As in the case of the domination number, the broadcast number of a connected graph is equal to the minimum broadcast
number amongst its spanning trees.
Proposition 2 ([10]). If G is connected, then γb(G) = min{γb(T ) : T is a spanning tree of G}.
It is also shown in [10] that theminimum in Proposition 2 is not necessarily achieved by a tree with the same radius as G.
Proposition 3. (i) [5] If T ′ is a subtree of the tree T , then γb(T ′) ≤ γb(T ).
(ii) [10] If T is a tree and T ′ is obtained by joining a new leaf to a support vertex of T , then γb(T ′) = γb(T ).
An efficient broadcast f is a broadcast in which each vertex is f -dominated by exactly one vertex of V+f . A vertex v is
overdominated if f (u) − d(u, v) > 0 for some u ∈ V+f . For an efficient dominating broadcast f of a graph G, the ball graph
B(f ) is the graph obtained by contracting the vertices in Nf [v] to a single vertex for each v ∈ V+f . Most graphs do not have
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efficient dominating sets, and if a graph has an efficient dominating set, then it is a minimum dominating set. The situation
with broadcasts is different: every graph G has an efficient dominating broadcast—simply broadcast from a central vertex
with cost rad G. We also have the following stronger results.
Theorem 4. (i) [4] Every graph has a γb-broadcast that is efficient.
(ii) [9] Every graph has an efficient γb-broadcast f such that 1(B(f )) ≤ 2.
It follows fromTheorem4(ii) that every tree has an efficient γb-broadcast f whose ball graph is a path. Note that this result
does not imply that all broadcast vertices of f lie on the same path. It is nevertheless true that every tree has an efficient
γb-broadcast such that all broadcast vertices lie on the same path. In fact, we prove that if f is a γb-broadcast of a tree T with
the minimum number of broadcast vertices, then all broadcast vertices of f lie on the intersection of all diametrical paths of
T (see Theorem 8).
Not surprisingly, the broadcast number of a path is equal to its domination number.
Proposition 5 ([7]). For every integer n ≥ 2, γb(Pn) = γ (Pn) =
⌈ n
3
⌉
.
We show that the broadcast number of any connected graph of order n is bounded above by
⌈ n
3
⌉
. We prove this result
for trees; the general result then follows from Proposition 2.
Theorem 6. For any tree T of order n, γb(T ) ≤
⌈ n
3
⌉
.
Proof. The result is obviously true for n ≤ 3. Suppose the result is not true in general and let T be a counterexample of
minimum order n ≥ 4. We first show that T has no adjacent vertices of degree two.
Suppose u1 and u2 are adjacent vertices of degree two. Let vi be the other neighbour of ui, i = 1, 2, so that Q =
v1, u1, u2, v2 is a path in T . Then there exists an edge e of Q such that T − e has two components T ′ and T ′′ with
|V (T ′)| ≡ 0 (mod 3); say |V (T ′)| = 3t . By the minimality of T , γb(T ′) ≤ t and γb(T ′′) ≤
⌈ n−3t
3
⌉
, so that
γb(T ) ≤
⌈
n− 3t
3
⌉
+ t =
⌈n
3
⌉
,
a contradiction.
Now assume T has radius k and let P = v1, . . . , vm be a diametrical path. Then γb(P) ≤ γb(T ) ≤ k. If T is central, let
m = 2k+1. Since T does not have adjacent vertices of degree two, the pigeonhole principle shows that at least⌊ 2k−12 ⌋ = k−1
of the vertices vi, i = 2, . . . , 2k, are adjacent to vertices not on P . Hence n ≥ 2k+ 1+ k− 1 = 3k. Therefore γb(T ) ≤ k ≤ n3 ,
a contradiction.
If T is bicentral, letm = 2k. As above, at least 2k−22 = k− 1 of the vertices vi, i = 2, . . . , 2k− 1, are adjacent to vertices
not on P . So n ≥ 2k+ k− 1 = 3k− 1, i.e. γb(T ) ≤ k ≤
⌈ n
3
⌉
. This final contradiction proves the theorem. 
Corollary 7. For any connected graph G of order n, γb(G) ≤
⌈ n
3
⌉
.
3. Main results
3.1. Very efficient broadcasts
Wenowgive a stronger result than Theorem4 for trees. Our characterization of radial trees, our formulas for the broadcast
number of a tree, and our recursive method for calculating γb depend on this result. Its proof is rather technical and is
deferred to Section 4.
Theorem 8. Let P be a diametrical path of a tree T . Amongst all γb-broadcasts of T , let f be one with the minimum number of
broadcast vertices. Then
(i) f is efficient,
(ii) every broadcast vertex lies on P, and
(iii) unless T is a bicentral radial tree, neither endvertex of P is overdominated.
Conversely, every γb-broadcast that satisfies (i), (ii) and (iii) is a γb-broadcastwith theminimumnumber of broadcast vertices.
Remark. Because of the conditions imposed on f , (i) does not follow from Theorem 4(i), and Theorem 4(ii) does not imply
that1(B(f )) ≤ 2. Nevertheless, similar proofs establish these properties. We include them in Section 4 for completeness.
In view of Theorem 8 we henceforth call a broadcast of a tree T that satisfies (i), (ii) and (iii) a very efficient broadcast.
Hence a γb-broadcast of T with the minimum number of broadcast vertices is a very efficient γb-broadcast. As can be seen by
considering the tree in Fig. 2, a tree may have more than one very efficient γb-broadcast. However, the following corollary
of Theorem 8 is obvious.
Corollary 9. If f is any very efficient γb-broadcast of a tree T , then every diametrical path of T contains all broadcast vertices
of f .
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Fig. 2. A tree with two very efficient γb-broadcasts.
3.2. Proof of Theorem 1
Theorem 1. A tree T is radial if and only if it has no nonempty split-set.
Proof. Let P be a diametrical path of T . Suppose thatM is a nonempty split-P set and that T−M has r components T1, . . . , Tr .
Then r ≥ 2 because M 6= ∅, and for each Ti, Pi = P ∩ Ti is a diametrical path of positive even length, say 2`i. Let vi be the
central vertex of Pi and define a broadcast fM on T by fM(vi) = `i and fM(v) = 0 otherwise. Then fM is a very efficient
dominating broadcast of T . The order of P is
r∑
i=1
(2`i + 1) = 2
r∑
i=1
`i + r. (1)
So
rad (T ) =
2
r∑
i=1
`i + r
2
 = r∑
i=1
`i +
⌊ r
2
⌋
= σ(fM)+
⌊ r
2
⌋
. (2)
Hence γb(T ) ≤ σ(fM) < rad (T ) since r ≥ 2. Therefore T is nonradial.
Conversely, suppose that T is nonradial. Let P be a diametrical path of T and let f be a very efficient γb-broadcast of T . Then
|V+f | ≥ 2. By Theorem 8, every broadcast vertex of f lies on P and no leaf of P is overdominated. Let V+f = {w1, . . . , wr},
r ≥ 2, where these vertices have been labelled in order of their appearance on P . Since f is efficient, there exist consecutive
vertices ui, ui+1 ∈ V (P) such that ui ∈ Nf [wi] − Nf [wi+1] and ui+1 ∈ Nf [wi+1] − Nf [wi], i = 1, . . . , r − 1. Clearly,
degT ui = degT ui+1 = 2. Moreover, since no leaf of P is overdominated,
〈
Nf [wi]
〉
has a diametrical path Pi =
〈
V (P) ∩ Nf [wi]
〉
of length 2f (wi) for each i. Thus, if ei = uiui+1, i = 1, . . . , r − 1, thenMf = {e1, . . . , er−1} is a non-empty split-P set. 
IfM is a split-set of a tree T and fM is the broadcast as defined in the proof of Theorem1,we call fM the broadcast associated
with M . Similarly, if f is a very efficient broadcast andMf is the split-set as defined in the proof of Theorem 1, we callMf the
split-set associated with f . Note that |V+fM | = |M| + 1 and, equivalently, |V+f | = |Mf | + 1.
By Theorem 8, a γb-broadcast is a very efficient γb-broadcast if and only if it is a γb-broadcast with the minimum number
of broadcast vertices. We now show that a very efficient broadcast is a very efficient γb-broadcast if and only if it is a
very efficient broadcast with the maximum number of broadcast vertices, that is, if and only if its associated split-set is
a maximum split-set.
Lemma 10. A split-set of a tree T is a maximum split-set if and only if its associated broadcast is a very efficient γb-broadcast.
Proof. IfM is a split-set, then obviously fM is a very efficient dominating broadcast. SupposeM is a maximum split-set, and
let g be a very efficient γb-broadcast of T with associated split-setMg . Then |M| ≥ |Mg | and, similar to (1),
diam T = 2σ(fM)+ |M| = 2σ(g)+ |Mg |.
Therefore
2σ(fM) = diam T − |M| ≤ diam T − |Mg | = 2σ(g). (3)
Since g is a γb-broadcast and fM is a dominating broadcast, it follows that σ(fM) = σ(g) and so fM is a very efficient γb-
broadcast.
Conversely, assume that f is a very efficient γb-broadcast with associated split-setMf . LetM be a maximum split-set of
T with associated broadcast gM . As proved above, gM is a very efficient γb-broadcast, hence σ(f ) = σ(gM). As in (3),
diam T − |Mf | = 2σ(f ) = 2σ(gM) = diam T − |M|,
so |Mf | = |M| and the result follows. 
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Fig. 3. A shadow tree of the tree in Fig. 2.
The following corollaries of Theorem 8 and Lemma 10 are essentially restatements of (2) for very efficient γb-broadcasts.
Corollary 11. For any tree T , let f be a very efficient γb-broadcast with r broadcast vertices and let M be a split-set of maximum
cardinality m. Then
(i) γb(T ) = σ(f ) = rad T −
⌊ r
2
⌋
and
(ii) γb(T ) = rad T −
⌈m
2
⌉
.
3.3. A geometrical interpretation of Theorem 1
Let P = v1, . . . , vn be a diametrical path of the tree T . We define the shadow tree ST of T with respect to P as follows. For
each vi ∈ V (P), let Vi be the set of all vertices of T that are connected to vi by a (possibly trivial) path internally disjoint
from P . Let wi be a vertex in Vi at maximum distance from vi and let Qi be the vi − wi path in T . Then ST is the subtree of
T induced by
⋃n
i=1 Qi. Note that 1(ST ) ≤ 3, and degST u = 3 if and only if u ∈ V (P) and degT u ≥ 3. The tree in Fig. 3 is a
shadow tree of the tree in Fig. 2. Since a setM of edges is a split-P set of T if and only if it is a split-P set of ST , the next result
follows immediately from Corollary 11(ii).
Corollary 12. For any tree T and any shadow tree ST of T , γb(T ) = γb(ST ).
Let ST be a shadow tree of T with respect to the diametrical path P = v1, . . . , vn of T . Draw ST in the positive X–Y plane
with P on the X-axis, v1 at the origin, each edge having unit length, and each edge not on P being parallel with the Y -axis.
Consider the vertices of ST to have zero dimension—they are only points in the plane with integer coordinates. We call this
representation the standard representationof ST . The shadow tree in Fig. 3 is in standard representation. A region R in the
X–Y plane covers the vertices of ST if each vertex of ST lies on the boundary or in the interior of R.
The proof of the following corollary is straightforward and can be found in [10].
Corollary 13. (i) A central (bicentral, respectively) tree T with shadow tree ST is nonradial if and only if the vertices of the
standard representation of ST can be covered by three (two, respectively) isosceles right triangles whose hypotenuses have
even integer lengths and lie on the X-axis, one unit length apart, their vertices corresponding to vertices of ST .
(ii) A tree T is radial if and only if the vertices of the standard representation of ST cannot be covered by isosceles right triangles
whose hypotenuses have even integer lengths that sum to less than diam T .
(iii) Let ρ be the maximum number of pairwise disjoint isosceles right triangles that can be used to cover the vertices of ST as
described in (i). Then γb(T ) = rad T −
⌊
ρ
2
⌋
.
Thus the trees in Fig. 4 are nonradial, while the trees in Fig. 5 are radial.
3.4. Application of Theorem 1 to other graphs
We now use our characterization of radial trees to show that general coronas of graphs are radial, a result first proved
in [5]. Let G be any graph with V (G) = {v1, . . . , vn}, and let H1, . . . ,Hn be any graphs. The generalized corona G ◦H1, . . . ,Hn
is the graph obtained by joining vi to all vertices ofHi, i = 1, . . . , n. As shown in [5], G◦H1, . . . ,Hn is radial for all connected
graphs G and all graphs Hi.
Corollary 14. For any connected graph G of order n and any graphs H1, . . . ,Hn, the graph G ◦ H1, . . . ,Hn is radial.
Proof. Let T (S, respectively) be the set of all spanning trees of G (G◦H1, . . . ,Hn, respectively), let S∗ be the set of spanning
subtrees of G ◦ H1, . . . ,Hn that consist of a tree in T together with |V (Hi)| leaves joined to vi for each i, and letR be the set
of all trees that consist of a tree in T together with a leaf joined to vi for each i. Then
γb(G ◦ H1, . . . ,Hn) = min
T∈S {γb(T )} (Proposition 2)
≥ min
T∈R{γb(T )} (Proposition 3(i))
= min
T∈S∗
{γb(T )} (Proposition 3(ii))
≥ min
T∈S {γb(T )} (S
∗ ⊆ S).
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Fig. 4. Vertices of nonradial trees covered by isosceles right triangles.
X
YY
Fig. 5. Vertices of radial trees covered by isosceles right triangles.
Therefore equality holds throughout and γb(G ◦ H1, . . . ,Hn) = minT∈S∗{γb(T )}. As shown in [10], for example, every graph
has a spanning tree of the same radius, and for G ◦ H1, . . . ,Hn such a subtree is in S∗. However, for any T ∈ S∗ and any
diametrical path P = v1, . . . , vk of T , the only vertices that possibly have degree two are v2 and vk−1. Hence T has no
nonempty split-set and so is radial, by Theorem 1. Thus
min
T∈S∗
{γb(T )} = min
T∈S∗
{rad (T )} = rad G ◦ H1, . . . ,Hn
and the result follows. 
The proof of Corollary 14 also gives the following more general result.
Corollary 15. If G is a connected graph such that no spanning subtree of G has a nonempty split-set, then G is radial.
3.5. Determining γb(T )
For a diametrical path P = v1, . . . , vn of a tree T , let Li denote the component of T − vivi+1 that contains vi, and
Ri+1 = T − Li. We now describe an easy procedure to recursively determine a maximum split-P set M = Mk of T . By
Corollary 11 this also determines γb(T ).
Initially, let T0 = T , P0 = v0,1, . . . , v0,n0 be a diametrical path of T0, andM0 = A0 = ∅.
Once the tree Ti, a diametrical path Pi = vi,1, . . . , vi,ni of Ti and the setsMi and Ai have been constructed, construct Ti+1,
Pi+1,Mi+1 and Ai+1 as follows:
1. Find the smallest odd integer t such that degTi vi,t = degTi vi,t+1 = 2, and the paths Pi,t = Pi ∩ Li,t and Pi,t+1 = Pi ∩ Ri,t+1
are diametrical paths of Li,t and Ri,t+1, respectively.
2. If
(a) |V (Pi,t+1)| is odd, then let Mi+1 = Mi ∪ {vi,tvi,t+1} ∪ Ai, Ti+1 = Ri,t+1, Pi+1 = Pi,t+1 = vi+1,1, . . . , vi+1,ni+1 , and
Ai+1 = ∅;
(b) |V (Pi,t+1)| is even, then letMi+1 = Mi, Ti+1 = Ri,t+1, Pi+1 = Pi,t+1 = vi+1,1, . . . , vi+1,ni+1 , and Ai+1 = {vi,tvi,t+1}.
Repeat 1 and 2 until no such integer t exists. The setM = Mk is the last setMi+1 thus obtained.
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4. Proof of Theorem 8
The proof of Theorem 8(ii) is quite technical. Working under the assumption that the hypothesis of the theorem is
satisfied, but there nevertheless exists a broadcast vertex u that does not lie on the diametrical path P , we consider a number
of cases depending on the positions of u relative to P , the vertex v on P nearest to u, and the vertex w that broadcasts to
v. Our aim is to locate additional broadcast vertices w1 and sometimes w2, and find a vertex v′ such that the closed f -
neighbourhoods of u, w, w1 and w2 are contained in a ball with radius at most f (u) + f (w) + f (w1) + f (w2) centred at
v′. This ball implies the existence of a γb-broadcast with fewer broadcast vertices (v′ replacing u, w, w1 and w2) than f ,
contradicting the hypothesis. We illustrate the choice of v′ for Subcase 1.1 in Fig. 7.
Proof. Let f and P = v1, v2, . . . , vn satisfy the hypothesis of the theorem.
(i) Suppose, to the contrary, thatNf [u]∩Nf [w] 6= ∅. Then this intersection contains a vertex v of the u−w path (possibly
an endvertex of the path) chosen as follows:
(a) if f (w) ≥ d(u, w), let v = w,
(b) otherwise choose v so that d(u, v) = f (w).
In each case d(u, v) ≤ f (w). With choice (a), d(v,w) = 0 < f (u). With choice (b), if d(v,w) > f (u), then d(u, w) =
d(u, v)+ d(v,w) > f (w)+ f (u), which implies that Nf [u] ∩ Nf [w] = ∅, a contradiction. Hence
d(u, v) ≤ f (w) and d(v,w) ≤ f (u). (4)
Define a broadcast g on T by
g(x) =
{0 if x ∈ {u, w} − {v}
f (u)+ f (w) if x = v
f (x) otherwise.
We show that v broadcasts to all of Nf [u]; the proof that v broadcasts to all of Nf [w] is identical. If x ∈ Nf [u], then
d(x, u) ≤ f (u), hence
d(x, v) ≤ d(x, u)+ d(u, v) ≤ f (u)+ f (w) (by (4))
= g(v).
Therefore g is a γb-broadcast of T with fewer broadcast vertices than f , a contradiction.
(ii) Suppose, to the contrary, that there is a broadcast vertex u ∈ V (T ) − V (P). Assume without loss of generality that
there is no other broadcast vertex not on P that lies between u and P , and let v be the vertex on P at minimum distance from
u.
Case 1: Nf [u] ∩ V (P) = ∅. Letw be the vertex of T that broadcasts to v.
Subcase 1.1:w = v. We define a number of vertices as follows (see Fig. 6):
• u′ is the vertex with d(u′, u) = f (u) and d(u′, w) = f (w)+ 1,
• w′1 andw′2 are the vertices on P at distance f (v)+ 1 from v on the v− v1 and v− vn subpaths of P , respectively;w′1 and
w′2 exist because P is a diametrical path,• for i = 1, 2,wi is the vertex that broadcasts tow′i .
Note thatw1 andw2 do not necessarily lie on P . Let Q ,Q ′,Q ′′ be the paths in T between u andw1, u andw2,w1 andw2,
respectively.
Without loss of generality, assume that Q is the longest of these paths (the proof works the same in the other two cases).
Then
f (w2) ≤ f (u) (5)
and
`(Q ) = f (u)+ 2f (v)+ f (w1)+ 2. (6)
Let v′ ∈ V (Q ) be such that d(v′, w1) = f (u)+ f (v)+ 1 (see Fig. 7) and define a broadcast g on T as follows:
g(x) =
{0 if x ∈ {u, v, w1, w2} − {v′}
f (v)+ f (u)+ f (w1)+ f (w2) if x = v′
f (x) otherwise.
For each x ∈ Nf [w1],
d(v′, x) ≤ d(v′, w1)+ f (w1) = f (u)+ f (v)+ 1+ f (w1) ≤ g(v′) (since f (w2) ≥ 1).
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Fig. 6. Subcase 1.1 of Theorem 8.
Fig. 7. Vertex v′ with d(v′, w1) = f (u)+ f (v)+ 1 and Nf [u] ∪ Nf [v] ∪ Nf [w1] ∪ Nf [w2] ⊆ Ng [v′].
Thus v′ broadcasts to all of Nf [w1] (see Fig. 7). Also, for each x ∈ Nf [u],
d(v′, x) ≤ `(Q )+ f (u)− d(w1, v′)
= f (u)+ 2f (v)+ f (w1)+ 2+ f (u)− [f (u)+ f (v)+ 1] (by (6))
= f (u)+ f (v)+ f (w1)+ 1 ≤ g(v′),
so v′ broadcasts to all of Nf [u]. Since Nf [v] lies between Nf [w1] and Nf [u], it follows that v′ broadcasts to all of Nf [v]. We
show that v′ broadcasts to all of Nf [w2]. If f (w1) ≥ f (u), then v′ lies on the w1 − v path in T and d(v′, v) = f (w1)− f (u).
Hence for each x ∈ Nf [w2],
d(v′, x) = d(v′, v)+ d(v, x)
≤ f (w1)− f (u)+ f (v)+ 2f (w2)+ 1
≤ f (w1)+ f (w2)+ f (v)+ 1 (by (5))
≤ g(v′) (f (u) ≥ 1).
Similarly, when f (w1) < f (u), d(v′, x) ≤ g(v′) for each x ∈ Nf [w2]. Therefore v′ broadcasts to all of Nf [w2]. Hence g is a
γb-broadcast on T with fewer broadcast vertices than f , which is a contradiction.
Subcase 1.2:w 6= v. Define u′ as in Subcase 1.1. We define a number of other vertices as follows (see Fig. 8):
• w′ ∈ Nf [w] is the vertex adjacent to u′ (i.e. d(w,w′) = f (w)),
• w′′ ∈ Nf [w] is the vertex on P at maximum distance fromw such that thew − w′′ path contains v,
• w′1 ∈ V (P) is the vertex adjacent tow′′ such that d(w,w′1) = f (w)+ 1 (w′1 exists because P is a diametrical path),• w1 is the vertex that broadcasts tow′1.
Then d(w,w′′) = f (w). Note thatw andw1 do not necessarily lie on P . Let Q ,Q ′,Q ′′ be the paths in T between u andw,
u andw1,w andw1, respectively.
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Fig. 8. Subcase 1.2 of Theorem 8.
• Suppose first that Q is the longest of these paths. (The proof is similar if Q ′′ is the longest path.)
Then
`(Q ) = f (w)+ f (u)+ 1. (7)
Let v′ ∈ V (Q ) be such that d(w, v′) = f (u)+ 1 (and d(u, v′) = f (w)) and define a broadcast g on T as follows:
g(x) =
{0 if x ∈ {w, u, w1} − {v′}
f (w)+ f (u)+ f (w1) if x = v′
f (x) otherwise.
(8)
For each x ∈ Nf [w], d(v′, x) ≤ f (w)+ f (u)+1 ≤ g(v′) since f (w1) ≥ 1, so v′ broadcasts to all of Nf [w]. It also follows from
(7) that for each x ∈ Nf [u],
d(v′, x) = `(Q )− d(w, v′)+ d(u, x) ≤ f (w)+ f (u) < g(v′),
so v′ broadcasts to all of Nf [u]. We show that v′ broadcasts to all of Nf [w1].
By the choice of Q ,
d(w, v)
d(u, v)
}
≥ d(v,w1) = d(v,w′′)+ f (w1)+ 1. (9)
If v′ lies on the v − u path in T , then
d(v′, w′′) = d(v′, w)− d(w, v)+ d(v,w′′)
≤ f (u)+ 1− [d(v,w′′)+ f (w1)+ 1] + d(v,w′′) (by (9))
= f (u)− f (w1),
from which it follows that for each x ∈ Nf [w1],
d(v′, x) = d(v′, w′′)+ d(w′′, x) ≤ [f (u)− f (w1)] + [2f (w1)+ 1]
= f (u)+ f (w1)+ 1 ≤ g(v′).
If v′ lies on thew − v path in T , then
d(v′, w′′) = d(v′, u)− d(u, v)+ d(v,w′′)
≤ f (w)− [d(v,w′′)+ f (w1)+ 1] + d(v,w′′) (by (9))
= f (w)− f (w1)− 1,
so for each x ∈ Nf [w1],
d(v′, x) = d(v′, w′′)+ d(w′′, x) ≤ [f (w)− f (w1)− 1] + [2f (w1)+ 1]
= f (w)+ f (w1) < g(v′).
Hence v′ broadcasts to all of Nf [w1] and so g is a γb-broadcast on T with fewer broadcast vertices than f , which is a
contradiction.
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• Suppose Q ′ is the longest path.
Let d = d(v,w′) = d(v,w′′). Then d = f (w)− d(w, v) < f (w), i.e.
d+ 1 ≤ f (w), (10)
and
`(Q ′) = f (w1)+ 2d+ f (u)+ 2. (11)
We assume that f (u) ≥ f (w1); the proof is similar if f (u) < f (w1). We choose a vertex v′ as described below, and in
each case define the broadcast g on T as in (8).
? If d(v,w) ≤ 2f (w1), choose v′ ∈ V (Q ′) such that d(w1, v′) = d+ f (u)+ 1 (and d(u, v′) = d+ f (w1)+ 1).
Then v′ lies on the v − u path in T . For each x ∈ Nf [w1],
d(v′, x) ≤ d(v′, w1)+ d(w1, x)
≤ d+ f (u)+ 1+ f (w1)
≤ f (w)+ f (u)+ f (w1) (by (10))
= g(v′).
So v′ broadcasts to all of Nf [w1]. Moreover, for any x ∈ Nf [u],
d(v′, x) ≤ d(v′, u)+ d(u, x)
≤ d+ f (w1)+ 1+ f (u) ≤ g(v′) (by (10)).
Hence v′ broadcasts to all of Nf [u]. We show that v′ broadcasts to all of Nf [w]. Since
d(v, v′) = d(v′, w1)− d(v,w1) = d+ f (u)+ 1− [d+ f (w1)+ 1] = f (u)− f (w1),
it follows that for any x ∈ Nf [w],
d(v′, x) ≤ d(v′, v)+ d(v,w)+ d(w, x)
≤ f (u)− f (w1)+ 2f (w1)+ f (w) (by the choice ? )
= f (u)+ f (w1)+ f (w) = g(v′)
and so Nf [w] ⊆ Ng [v′].
?? If d(v,w) > 2f (w1), choose v′ on thew − u path such that d(w, v′) = f (u)+ f (w1).
Obviously, Nf [w] ⊆ Ng [v′]. We show that Nf [u] ∪ Nf [w1] ⊆ Ng [v′]. First,
d(v, v′) = |d(w, v′)− d(w, v)|
=
{
f (u)+ f (w1)− f (w)+ d if d(w, v′) ≥ d(w, v)
f (w)− f (u)− f (w1)− d if d(w, v′) < d(w, v).
Hence, if d(w, v′) ≥ d(w, v), then v′ lies on the v − u path, and
d(v′, w1) = d(v′, v)+ d(v,w1) = [f (u)+ f (w1)− f (w)+ d] + [d+ 1+ f (w1)]
= f (u)+ 2f (w1)+ 1+ d− [f (w)− d]
≤ f (u)+ d(v,w)+ d− [f (w)− d] (by the choice ? ?)
= f (u)+ f (w)− [f (w)− d] (d(v,w)+ d = f (w))
< f (u)+ f (w) (by (10)),
so that for any x ∈ Nf [w1],
d(v′, x) = d(v′, w1)+ d(w1, x) < f (u)+ f (w)+ f (w1) = g(v′).
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Fig. 9. Case 2 of Theorem 8.
Similarly,
d(v′, u) = d(v, u)− d(v′, v) = [d+ 1+ f (u)] − [f (u)+ f (w1)− f (w)+ d]
= f (w)− f (w1)+ 1, (12)
so that for any x ∈ Nf [u],
d(v′, x) = d(v′, u)+ d(u, x) ≤ f (w)− f (w1)+ 1+ f (u) < g(v′).
On the other hand, if d(w, v′) < d(w, v), then v′ lies on thew − v path, and
d(v′, w1) = d(v′, v)+ d(v,w1) = [f (w)− f (u)− f (w1)− d] + [d+ 1+ f (w1)]
= f (w)− f (u)+ 1,
so that for any x ∈ Nf [w1],
d(v′, x) = d(v′, w1)+ d(w1, x) ≤ f (w)− f (u)+ 1+ f (w1) < g(v′).
Similarly,
d(v′, u) = d(v′, v)+ d(v, u) = [f (w)− f (u)− f (w1)− d] + [d+ 1+ f (u)]
= f (w)− f (w1)+ 1,
which is the same as (12) and so d(v′, x) < g(v′) for all x ∈ Nf [u]. Therefore in either case Nf [u] ∪ Nf [w1] ⊆ Ng [v′].
But then, for both choices of v′, g is a γb-broadcast on T with fewer broadcast vertices than f , a contradiction. Thus the
proof of Case 1 is complete.
Case 2: Nf [u] ∩ V (P) 6= ∅. Now v ∈ Nf [u]. Once again we define a number of vertices (see Fig. 9):
• u′, u′′ ∈ Nf [u] are the vertices on P at maximum distance from v on the v − v1 and v − vn subpaths of P , respectively,
• w′1, w′2 are the vertices on P adjacent to u′, u′′, respectively; they exist because P is a diametrical path,• for i = 1, 2,wi is the vertex that broadcasts tow′i .
Similar to the other cases, w1 and w2 do not necessarily lie on P . But Fig. 9 can be redrawn as in Fig. 10, which is the same
as in Subcase 1.2 with some labels interchanged. Thus we obtain a contradiction as in Subcase 1.2. Therefore (ii) holds.
(iii) Clearly, when T is a bicentral radial tree, a leaf of P is overdominated. Assume that T is not a bicentral radial tree and
suppose without loss of generality that v1 is overdominated. Then T is also not a central radial tree, otherwise all peripheral
vertices of T are overdominated and there exists a dominating broadcast g of T with σ(g) < σ(f ), a contradiction.
Assume therefore that T is not radial and let
• u be the vertex on P that broadcasts to v1,
• u′ be the vertex at maximum distance from v1 such that u′ ∈ Nf [u] ∩ V (P),
• w′ be the vertex on P adjacent to u′ such that d(u, w′) = f (u)+ 1;w′ exists because T is nonradial,
• w ∈ V (P) be the vertex that broadcasts tow′,
• Q be the u− w subpath of P , and
• v be the vertex on Q at distance f (w)+ 1 from u.
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Fig. 10. Case 2 of Theorem 8 redrawn.
Since f is efficient, v is an internal vertex of Q . Define the broadcast g on T by
g(x) =
{0 if x ∈ {u, w}
f (u)+ f (w) if x = v
f (x) otherwise.
For each x ∈ Nf [u] such that x is joined to u by a path internally disjoint from Q ,
d(x, u) ≤ d(v1, u) (v1 is a peripheral vertex)
≤ f (u)− 1 (v1 is overdominated).
Hence for each such x, d(x, v) = d(x, u)+ d(u, v) ≤ f (u)+ f (w) ≤ g(v). If x ∈ Nf [u] is joined to u by a path that contains
the internal vertex y of Q , then
d(x, v) < d(x, y)+ d(y, u)+ d(u, v) ≤ f (u)+ f (w)+ 1
and so d(x, v) ≤ f (u) + f (w) = g(v) in this case as well. Thus v broadcasts to every vertex in Nf [u]. Moreover, for each
x ∈ Nf [w],
d(v, x) ≤ `(Q )− d(u, v)+ d(w, x) ≤ f (u)+ f (w)+ 1− [f (w)+ 1] + f (w) = f (u)+ f (w) = g(v),
so Nf [w] ⊆ Ng [v]. Therefore g is a γb-broadcast of T with fewer broadcast vertices than f . This contradiction concludes the
proof of the necessity of conditions (i)–(iii).
For the converse, let P be a diametrical path of T and let f be a γb-broadcast that satisfies (i)–(iii); say V+f = {u1, . . . , ur}.
Let g be a γb-broadcast with the minimum number t of broadcast vertices w1, . . . , wt . As shown above, g also satisfies
(i)–(iii). Then
γb(T ) =
r∑
i=1
f (ui) =
t∑
i=1
g(wi)
and
diam T =
(
r∑
i=1
2f (ui)
)
+ r − 1 =
(
t∑
i=1
2g(wi)
)
+ t − 1,
from which it follows that r = t . The proof of the theorem is now complete. 
5. Future research
We close by mentioning a few open problems.
Problem 1. Use the characterization of radial trees to find classes of radial graphs.
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Problem 2 ([4]). Characterize the class of trees T with γb(T ) = γ (T ).
Problem 3. Characterize the class of trees T of order nwith γb(T ) =
⌈ n
3
⌉
.
Problem 4. Characterize the class of graphs G of order nwith γb(G) =
⌈ n
3
⌉
, or find classes of such graphs.
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